Topological Higgs inflation: The origin of the Standard Model
  criticality by Hamada, Yuta et al.
KUNS-2511
OU-HET/825-2014
TU-981
IPMU 14-0292
Topological Higgs inflation:
The origin of the Standard Model criticality
Yuta Hamada,a Kin-ya Odab and Fuminobu Takahashic,d
a Department of Physics, Kyoto University Kyoto 606-8502, Japan
b Department of Physics, Osaka University, Osaka 560-0043, Japan
c Department of Physics, Tohoku University, Sendai 980-8578, Japan
d Kavli Institute for the Physics and Mathematics of the Universe (WPI), TODIAS,
University of Tokyo, Kashiwa 277-8583, Japan
Abstract
The measured values of the Higgs and top masses and of the strong gauge coupling
constant point to the near-criticality of the Standard Model, where two vacua at the
electroweak and Planck scales are quasi-degenerate. We argue that the criticality is
required by the occurrence of an eternal topological inflation induced by the Higgs
potential. The role of this inflation is to continuously create sufficiently flat and
homogeneous Universe, providing the necessary initial condition for the subsequent
slow-roll inflation that generates the density perturbations of the right magnitude.
While the condition for the topological Higgs inflation is only marginally satisfied
in the Standard Model, it can be readily satisfied if one introduces the right-handed
neutrinos and/or the non-minimal coupling to gravity; currently unknown quantum
gravity corrections to the potential may also help. We also discuss the B − L Higgs
inflation as a possible origin of the observed density perturbations. Its necessary
initial condition, the restored B − L symmetry, can be naturally realized by the
preceding topological Higgs inflation.
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1 Introduction
The discovery of the Standard Model (SM) Higgs boson only so far at the LHC [1, 2]
already provided us with various implications for theory beyond the SM as well as the
Universe we live in. In particular, the experiments seem to suggest a special structure of
the vacuum.
The measured Higgs boson mass about 125 GeV [3, 4] implies that the SM could be valid
all the way up to the Planck scale. If so, the Higgs potential may have another minimum
around the Planck scale, depending on the top quark mass; see e.g. Refs. [5, 6, 7, 8, 9, 10,
11, 12, 13, 14, 15, 16, 17] for the latest analyses. If the extra minimum is the global one,
our electroweak vacuum is unstable and decays through quantum tunneling processes with
a finite lifetime. In contrast, nature may realize a critical situation where the two minima
are degenerate in energy. Froggatt and Nielsen focused on this special case, the so-called
Higgs criticality; they provided a theoretical argument to support this case, the multiple
point criticality principle [18, 19].1 The near-critical behavior of the Higgs potential is a
puzzle and has led to much excitement in the context of Higgs inflation [21, 22, 23, 24, 25,
26, 27, 28].
In this Letter we point out that the near-criticality can be understood if the Universe
experiences eternal topological inflation [29, 30, 31] induced by the Higgs field at a very
early stage. We study the condition for the topological Higgs inflation to occur in the SM
and what kind of extensions can relax the condition. As we shall see shortly, while the
condition is only marginally satisfied in the SM, it can be readily satisfied if one extends
the SM by introducing heavy right-handed neutrinos and/or a non-minimal coupling to
gravity.
The topological Higgs inflation may be thought of as one of the variants of the Higgs
inflation, but it is different in the following aspects. First, the topological inflation is free
of the initial condition problem. If the Universe begins in a chaotic state at an energy
close to the Planck scale, the Higgs field may take various field values randomly up to the
Planck scale or higher [32]. As the Universe expands, the energy density decreases and the
Higgs field finds itself either larger or smaller than the critical field value corresponding
1 See e.g. Section 5.A.1 of Ref. [20] for a list of other possibilities to realize the (near) criticality.
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to the local maximum, and gets trapped in one of the two degenerate vacua with a more
or less equal probability. This leads to formation of domain walls separating the two
vacua. Interestingly, then, eternal inflation could take place inside the domain walls, if the
thickness of the domain walls is greater than the Hubble radius [29, 31]. In this sense, no
special fine-tuning of the initial position of the inflaton is necessary for the inflation to take
place. Specifically, the topological inflation occurs if the two minima are separated by more
than the Planck scale, which was also confirmed by numerical calculations [33]. Secondly,
the magnitude of density perturbations generated by topological Higgs inflation tends to
be too large to explain the observed CMB temperature fluctuations. We need therefore
another inflation after the end of the topological Higgs inflation, and we will return to this
issue later in this Letter. Thus, the role of the topological Higgs inflation is to continuously
create sufficiently flat Universe, solving the so-called longevity problem of inflation with
a Hubble parameter much smaller than the Planck scale [32, 34]; the Universe must be
sufficiently flat and therefore long-lived so that the subsequent slow-roll inflation with a
much smaller Hubble parameter can take place.
2 Topological Higgs inflation in SM
For a Higgs field value much larger than the electroweak scale, the effective potential is
approximately given by2
V =
1
4
λeff(ϕ)ϕ
4, (1)
where the effective coupling is expanded around its minimum as
λeff ' λmin + β2
(16pi2)2
(
ln
ϕ
µmin
)2
, (2)
with β2 ' 0.5; see e.g. Refs. [27, 20].
Following the multi-point criticality principle, we assume λmin = 0. The derivatives of
2 Here we can safely treat the Higgs inflation as a single-field model. See footnote 5 of Ref. [27] and
Refs. [35, 36]. Eq. (1) can be obtained from the one-loop effective potential, including the loops from the
NG bosons.
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the potential read
Vϕ =
β2
(16pi2)2
ln
ϕ
µmin
(
ln
ϕ
µmin
+
1
2
)
ϕ3, (3)
Vϕϕ =
β2
2 (16pi2)2
(
1 + ln
ϕ
µmin
)(
1 + 6 ln
ϕ
µmin
)
ϕ2. (4)
Note that ϕ = µmin also gives the minimum of the potential when the criticality condition
λmin = 0 is met. The local maximum of the potential is at
ϕt = e
−1/2µmin. (5)
Let us take a domain wall separating the two degenerate minima at ϕ = µmin and ϕ ≈ 0.3
The typical thickness of the domain wall is given by [33]
δ ' |Vϕϕ(ϕt)|−1/2 = 16pi
2
µmin
√
2e
β2
. (6)
If the thickness is greater than the Hubble radius, the domain wall will expand, and
topological inflation takes place [29, 31]. The Hubble parameter at the maximum (i.e.
around the center of the domain wall) is
H2 =
V (ϕt)
3M2P
=
β2
(16pi2)2
µ4min
48e2M2P
=
(
2.4× 10−4MP
)2( β2
0.5
)(
µmin
MP
)4
, (7)
where MP ' 2.4 × 1018 GeV is the (reduced) Planck scale. The condition for the domain
wall to expand is [33]
Hδ =
√
V (ϕt)
3M2P |Vϕϕ(ϕt)|
=
1√
3 |η(ϕt)|
& 0.48, (8)
namely,
|η(ϕt)| . 1.4, (9)
where η ≡M2PVϕϕ/V is one of the slow-roll parameters. For the SM, this condition reads
µmin & 3.9MP . (10)
3 Here and in what follows we neglect the electroweak scale vacuum expectation value compared to
the Planck scale.
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Figure 1: The scale µmin that gives the minimum of the effective coupling λeff, under
the criticality condition λmin := λeff(µmin) = 0, as a function of MH . The band width
corresponds to the 2σ deviation of αs, with 1σ being given by αs = 0.1185±0.0006 [37]. The
dotted lines shows the 2σ band for MH , with 1σ being given by MH = 125.9±0.4 GeV [37].
Note that the prefactor of this condition may contain an O(1) uncertainty, because it is
derived for a Z2 symmetric potential, and the precise condition depends on the detailed
shape of the inflaton potential. In Fig. 1, we plot the scale µmin at which the effective
coupling λeff takes its minimum value, under the criticality condition λmin := λeff(µmin) = 0;
in the computation, we have used the two-loop renormalization group equations and the
one-loop effective potential in the Landau gauge. We see that µmin is indeed of the order
of the Planck scale, given the measured mass of the Higgs boson. The condition (10) may
be satisfied taking account of the uncertainty.
If one wanted to use this potential to generate the observed density fluctuation, the
potential height must satisfy [38]
V (ϕt) =
β2
(16pi2)2
µ4min
16e2
<
(
1.94× 1016 GeV)4 r∗
0.12
, (11)
namely,
µmin < 0.4MP
( r∗
0.12
)1/4(0.5
β2
)1/4
, (12)
which is inconsistent with the condition (10). Therefore, one cannot use this topological
inflation directly to generate the observed density fluctuation, and we need another in-
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flation after the topological Higgs inflation. The minimum scale µmin can be larger if one
includes the right-handed neutrino [39, 40]. If one embeds the SM in string theory, the
string states may also change µmin; see also Ref. [41] that considers the near-criticality in
string theory context.
3 Non-minimal coupling to gravity
We may add the non-minimal coupling ξ|H|2R.4 The Einstein frame potential then be-
comes
U =
λeff(µ)
4
ϕ4
(1 + ξϕ2/M2P )
2 . (13)
There are two prescriptions for the choice of the scale µ:
µ =
ϕ√
1 + ξϕ2/M2P
(prescription I), (14)
µ = ϕ (prescription II). (15)
In the Einstein frame, the canonically normalized field χ is related to ϕ as
dχ
dϕ
=
√
1 + ξ ϕ
2
M2P
+ 6ξ2 ϕ
2
M2P
1 + ξ ϕ
2
M2P
. (16)
In the following, let us check whether the condition (9) can be satisfied in each prescription
by estimating the slow-roll parameter defined by
η = M2P
Uχχ
U
. (17)
3.1 Prescription I
The position of the local maximum and minimum of U , under the criticality condition
λmin = 0, are respectively
ϕI = µmin
1√
e− ξ µ2min
M2P
, ϕmin = µmin
1√
1− ξ µ2min
M2P
, (18)
4 The topological inflation in the Starobinsky model was considered in Ref. [42].
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Figure 2: Allowed region in the prescription I (left) and II (right) in ξ vs µmin plane, where
dark (light) region satisfies |η(ϕI)| < 1 (1.4) and |η(ϕII)| < 1 (1.4), respectively. In the
prescription I (left), µmin < MP/
√
ξ is also imposed.
where µmin is defined by Eq. (2) even in presence of ξ. We see that µmin < MP/
√
ξ is
required in order to allow the local minimum ϕmin. At ϕI, the slow-roll parameter becomes
η = −8 M
2
P
µ2min
(
e− ξ µ2min
M2P
)2
e+ 6ξ2
µ2min
M2P
. (19)
In the left panel of Fig. 2, we plot the allowed region where the condition (9) with Eq. (19)
is satisfied. We can see from the figure that there is an allowed region with ξ ∼ 0.1 and
µmin ∼ 3MP , which lies in the reasonable range of µmin ' (1–3)MP in the SM, shown in
Fig. 1.
3.2 Prescription II
In the prescription II, the local maximum of U , under the criticality condition λmin = 0, is
located at
ϕII =
MP√
ξ
√
W
(
ξµ2min
eM2P
)
, (20)
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where W is the Lambert function defined by z = W (z)eW (z). The slow-roll parameter at
this maximum is
η(ϕII) = −8M
2
P
ϕ2II
1 + ξ
ϕ2II
M2P
1 + ξ (1 + 6ξ)
ϕ2II
M2P
. (21)
In the right panel of Fig. 2, we plot the allowed region. We can see that there is a large
allowed region for ξ & O(1–10) for µmin ' (1–3)MP . We have checked that the typical
value of |η| is greater than 0.1 for ξ . 105, and therefore, it is difficult to account for the
observed density perturbations by this inflation alone.
4 Discussion
So far we have focused on the critical case where the two minima are degenerate. Successful
topological Higgs inflation will be still possible even if the potential energy of the Planck-
scale minimum is slightly higher or lower than the electroweak minimum. If the degeneracy
is largely broken, however, the trapping probability of the Higgs field will be significantly
biased to the minimum with a lower energy. This would reduce the number of domain-
walls, especially that with an infinite length. Also the domain walls become unstable and
some of them will collapse before the topological inflation takes place. Thus, we expect that
the topological Higgs inflation will become less likely as the Higgs potential goes away from
the criticality. We argue, therefore, that the topological Higgs inflation which occurred at
the very beginning of the Universe could be the reason why the measured Higgs boson
mass points to the near-criticality of the SM vacuum. In order to estimate quantitatively
to what extent the degeneracy can be broken, one must resort to numerical simulation,
which is left for future work.
As we have mentioned earlier, while the topological Higgs inflation cannot account for
the observed CMB temperature anisotropy, it creates sufficiently flat and homogeneous
Universe, and sets the required initial condition for the subsequent slow-roll inflation with
a much smaller Hubble parameter [32, 34].5 There is a variety of possibilities, but one of the
interesting candidate is the inflation based on the B−L Higgs inflation [43, 44, 45, 46, 47],
5It is interesting to study various extensions of the SM to see if the topological Higgs inflation can
generate the density perturbations of the right magnitude.
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where the Coleman-Weinberg potential gives a dominant contribution to the tilt of the
inflaton potential.6 The well-known problem of the density perturbations in the Coleman-
Weinberg inflation model can be avoided if the U(1)B−L gauge coupling is small [48, 49, 50]
or if there is a cancellation between the gauge and neutrino Yukawa contributions [51, 43].
There are a couple of interesting implications. First, the inclusion of the right-handed
neutrinos makes it easier to satisfy the condition for the topological Higgs inflation, since
the µmin becomes larger for the fixed λmin = 0.
7 With three right-handed neutrinos, adding
the U(1)B−L is one of the plausible extensions of the SM as it is anomaly free. Secondly,
the Higgs field will induce preheating as it oscillates about the origin after the topological
inflation [52, 53]. In order to estimate the reheating temperature precisely, one needs a
detailed analysis of dissipation processes [54], but the reheating temperature is expected to
be rather high. If so, the U(1)B−L symmetry is likely restored, setting the initial condition
for the B −L Higgs inflation.8 Thus, the topological Higgs inflation provides the required
initial condition for the B − L Higgs inflation. Thirdly, the B − L Higgs field will decay
into right-handed neutrinos, whose CP-violating decay can generate a right amount of the
baryon asymmetry via leptogenesis [55].
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